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ON THE EXPONENT OF SPINOR GROUPS
SANGHOON BAEK
1. Introduction
Let G be a split simple simply connected group of rank n over a field F .
Fix a maximal split torus T of G and a Borel subgroup B containing T . We
denote by W the Weyl group of G with respect to T . Let Λ be the weight
lattice of G (hence, T ∗ = Λ).
We denote by ω1, · · · , ωn the fundamental weights of Λ. We let IK :=
Ker(Z[Λ] → Z) and ICH := Ker(S
∗(Λ) → Z) be the augmentation ideals,
where Z[Λ]→ Z (respectively, S∗(Λ)→ Z) is the map from the group ring Z[Λ]
(respectively, the symmetric algebra) of Λ to the ring of integers by sending
eλ to 1 (respectively, any element of positive degree to 0).
For any i ≥ 0, we consider the ring homomorphism
φ(i) : Z[Λ]→ Z[Λ]/I i+1K → S
∗(Λ)/I i+1CH → S
i(Λ),
where the first and the last maps are projections and the middle map sends
e
∑n
j=1 ajωj to
∏n
j=1(1−ωj)
−aj . The ith-exponent of G (denoted by τi), as intro-
duced in [1], is the gcd of all nonnegative integers Ni satisfying
Ni · (I
W
CH)
(i) ⊆ φ(i)(IWK ),
where IWK := 〈Z[Λ]
W ∩ IK〉 (respectively, I
W
CH := 〈S
∗(Λ)W ∩ ICH〉) denotes the
W -invariant augmentation ideal of Z[Λ] (respectively, S∗(Λ)) and (IWCH)
(i) =
IWCH ∩S
i(Λ). Informally, these numbers τi measure how far is the ring S
∗(Λ)W
from being a polynomial ring in basic invariants.
For any i ≤ 4, it was shown that the ith-exponent ofG divides the Dynkin in-
dex in [1] and this integer was used to estimate the torsion of the Grothendieck
gamma filtration and the Chow groups of E/B, where E/B denotes the twisted
form of the variety of Borel subgroups G/B for a G-torsor E.
In this paper, we show that all the remaining exponents of spinor groups
divide the Dynkin index 2.
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2. Exponent
Let G be Spin2n+1 (n ≥ 3) or Spin2n (n ≥ 4). The fundamental weights
are defined by
ω1 = e1, ω2 = e1 + e2, · · · , ωn−1 = e1 + · · ·+ en−1, ωn =
e1 + · · ·+ en
2
,
ω1 = e1, ω2 = e1 + e2, · · · , ωn−1 =
e1 + · · ·+ en−1 − en
2
, ωn =
e1 + · · ·+ en
2
,
respectively, where the canonical basis of Rn is denoted by ei (1 ≤ i ≤ n).
For 1 ≤ i ≤ n, let
(1) q2i := e
2i
1 + · · ·+ e
2i
n
be the basic invariants of the group G, i.e., be algebraically independent homo-
geneous generators of S∗(Λ)W as a Q-algebra (see [2, §3.5 and §3.12]), together
with
(2) q′n := e1 · · · en
if G = Spin2n.
For any λ ∈ Λ, we denote by W (λ) the W -orbit of λ. For any finite set A
of weights, we denote −A the set of opposite weights.
The Weyl groups of Spin2n+1 and Spin2n are (Z/2Z)
n⋊Sn and (Z/2Z)
n−1⋊
Sn, respectively. Hence, by the action of these Weyl groups, one has the
following decomposition of W -orbits: if G = Spin2n+1 (respectively, G =
Spin2n), then for any 1 ≤ k ≤ n− 1 (respectively, 1 ≤ k ≤ n− 2)
(3) W (ωk) = W+(ωk) ∪ −W+(ωk),
where W+(ωk) = {ei1 ±· · ·± eik}i1<···<ik . If n is even, then the W -orbits of the
last two fundamental weights of Spin2n are given by
(4) W (ωn−1) = W+(ωn−1) ∪ −W+(ωn−1) and W (ωn) =W+(ωn) ∪ −W+(ωn),
whereW+(ωn−1) (respectively, W+(ωn)) is the subset ofW (ωn−1) (respectively,
W (ωn)) containing elements of the positive sign of e1.
For any λ =
∑n
j=1 ajωj ∈ Λ and any integer m ≥ 0, we set λ(m) =∑n
j=1 ajω
m
j . For example, λ(0) =
∑n
j=1 aj and λ(1) = λ. We shall need
the following lemma:
Lemma 2.1. (i) If G is Spin2n+1 (respectively, Spin2n), then for any odd
integer p, any nonnegative integers m1, · · · , mp and, any 1 ≤ k ≤ n − 1
(respectively, any 1 ≤ k ≤ n− 2), we have∑
λ∈W (ωk)
λ(m1) · · ·λ(mp) = 0.
(ii) If G is Spin2n with odd n, then for any even integer p and any nonneg-
ative integers m1, · · · , mp, we have∑
λ∈W (ωn)
λ(m1) · · ·λ(mp) =
∑
λ∈W (ωn−1)
λ(m1) · · ·λ(mp).
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(iii) If G is Spin2n, then for any odd integer p < n and any nonnegative
integers m1, · · · , mp, we have∑
λ∈W (ωn)
λ(m1) · · ·λ(mp) =
∑
λ∈W (ωn−1)
λ(m1) · · ·λ(mp) = 0.
Proof. (i) It follows from (3) that∑
λ∈W (ωk)
λ(m1) · · ·λ(mp) =
∑
λ∈W+(ωk)
λ(m1) · · ·λ(mp) +
∑
λ∈−W+(ωk)
λ(m1) · · ·λ(mp)
=
∑
λ∈W+(ωk)
λ(m1) · · ·λ(mp)−
∑
λ∈W+(ωk)
λ(m1) · · ·λ(mp)
= 0.
(ii) If G is Spin2n with odd n, then we have W (ωn) = −W (ωn−1). Hence,
the result immediately follows from the assumption that p is even.
(iii) If n is even, then the result follows from (4) by the same argument
as in the proof of (i). In general, note that for any λi1, · · · , λip ∈ W+(ω1)
the term λi1(m1) · · ·λip(mp)/2
p (respectively, -λi1(m1) · · ·λip(mp)/2
p) appears
2n−2 times (respectively, 2n−2) in both sums in (iii). 
Let p be an even integer and q ≥ 2 an integer. For any nonnegative integers
m1, · · · , mp, we define
Λ(p, q)(m1, · · · , mp) :=
∑
λj1(m1) · · ·λjp(mp),
where the sum ranges over all different λi1, · · · , λiq ∈ W+(ω1) and all λi1, · · · , λip
∈ {λi1 , · · · , λiq} such that the numbers of λi1 , · · · , λiq appearing in λi1, · · · , λip
are all nonnegative even solutions of x1 + · · · + xq = p. If p < 2q, then we
set Λ(p, q)(m1, · · · , mp) = 0. Given m1, · · · , mp, we simply write Λ(p, q) for
Λ(p, q)(m1, · · · , mp).
For instance, Λ(4, 2) is the sum of λj1(m1)λj2(m2)λj3(m3)λj4(m4) for all
j1, j2, j3, j4 ∈ {i, j} and all 1 ≤ i 6= j ≤ n such that two i’s and two j’s appear
in j1, j2, j3, j4.
Example 2.2. We observe that
(5) (x1 + x2)(x
′
1 + x
′
2) + (x1 − x2)(x
′
1 − x
′
2) = 2(x1x
′
1 + x2x
′
2).
If G is Spin2n+1 or Spin2n, then by (3) and (5) we have∑
W+(ω2)
λ(m1)λ(m2) = 2(n− 1)
∑
W+(ω1)
λ(m1)λ(m2)
for any nonnegative integers m1 and m2 as we have (n − 1) choices of such
pairs in the left hand side of (5) from W+(ω2), which implies that∑
W (ω2)
λ(m1)λ(m2) = 2(n− 1)
∑
W (ω1)
λ(m1) · · ·λ(m2),
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(cf. [1, Lemma 5.1(ii)]). For any even p ≥ 4, we apply the same argument with
the expansion of (x1+x2) · · · (x
(p)
1 +x
(p)
2 )+ (x1−x2) · · · (x
(p)
1 −x
(p)
2 ). Then, we
have ∑
W+(ω2)
λ(m1) · · ·λ(mp) = 2(n− 1)
∑
W+(ω1)
λ(m1) · · ·λ(mp) + 2Λ(p, 2),
which implies that∑
W (ω2)
λ(m1) · · ·λ(mp) = 2(n− 1)
∑
W (ω1)
λ(m1) · · ·λ(mp) + 2
2Λ(p, 2).
We generalize Example 2.2 to any ωk as follows.
Lemma 2.3. If G is Spin2n+1 (respectively, Spin2n), then for any 1 ≤ k ≤
n− 1 (respectively, 1 ≤ k ≤ n− 2), any even p, and any nonnegative integers
m1, · · ·mp we have
∑
W (ωk)
λ(m1) · · ·λ(mp) = 2
k−1
(
n− 1
k − 1
) ∑
W (ω1)
λ(m1) · · ·λ(mp)+
k∑
j=2
2k
(
n− j
k − j
)
Λ(p, j).
Proof. For any λ ∈ W (ω1), there are 2
k
(
n−1
k−1
)
choices of the element contain-
ing λ in W (ωk), thus we have the term 2
k−1
(
n−1
k−1
)∑
W (ω1)
λ(m1) · · ·λ(mp) in∑
W (ωk)
λ(m1) · · ·λ(mp).
If an element λ ∈ W (ω1) appears odd times in a term λi1(m1) · · ·λip(mp)
of
∑
W (ωk)
λ(m1) · · ·λ(mp), where λi1 , · · · , λip ∈ W (ω1), then by the action of
Weyl group this term vanishes in
∑
W (ωk)
λ(m1) · · ·λ(mp). Hence, the remain-
ing terms in
∑
W (ωk)
λ(m1) · · ·λ(mp) are a linear combination of Λ(p, j) for all
2 ≤ j ≤ k such that p ≥ 2k. As each term Λ(p, j) appears 2k
(
n−j
k−j
)
times in∑
W (ωk)
λ(m1) · · ·λ(mp), the result follows. 
For any λ ∈ Λ, we denote by ρ(λ) the sum of all elements eµ ∈ Z[Λ] over all
elements µ of W (λ). Let i! · φ(i)(eλ) = λi + Si for any i ≥ 1, where Si is the
sum of remaining terms in i! · φ(i)(eλ) and λ =
∑
ajωj, aj ∈ Z. Hence, for any
fundamental weight ωk we have
(6) i! · φ(i)(ρ(ωk)) =
∑
W (ωk)
λi +
∑
W (ωk)
Si.
We view i! · φ(i)(eλ) as a polynomial in variables λ, λ(m1), · · · , λ(mj) for some
nonnegative integers m1, · · · , mj . Let Ti be the sum of monomials in Si whose
degrees are even.
If G is Spin2n+1 (respectively, Spin2n), then by Lemma 2.1(i) the equation
(6) reduces to
(7) i! · φ(i)(ρ(ωk)) =
∑
W (ωk)
λi +
∑
W (ωk)
Ti.
for any 1 ≤ k ≤ n− 1 (respectively 1 ≤ k ≤ n− 2).
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Given p and q, we define
Ω(p, q) :=
∑
Λ(p, q)(m1, · · · , mp),
where the sum ranges over all m1, · · · , mp which appear in all monomials of
Ti.
Example 2.4. (i) If G is Spin2n+1 or Spin2n and i = 4, then by (7) and
Lemma 2.3 we have
4!φ(4)(ρ(ω1)) =
∑
W (ω1)
λ4 +
∑
W (ω1)
T4,
4!φ(4)(ρ(ω2)) =
∑
W (ω2)
λ4 +
∑
W (ω2)
T4
=
∑
W (ω2)
λ4 + 2(n− 1)
∑
W (ω1)
T4,
which implies that
4!(φ(4)(ρ(ω2))− 2(n− 1)φ
(4)(ρ(ω1))) =
∑
W (ω2)
λ4 − 2(n− 1)
∑
W (ω1)
λ4.
By Lemma 2.3, the right-hand side of the above equation is equal to
4Λ(4, 2) = 4 ·
4!
2!2!
∑
i<j
e2i e
2
j .
Hence, we have
φ(4)(ρ(ω2))− 2(n− 1)φ
(4)(ρ(ω1)) =
∑
i<j
e2i e
2
j .
(ii) If G is Spin2n+1 (n ≥ 4) or Spin2n (n ≥ 5) and i = 6, then by (7) and
Lemma 2.3 we have
6!φ(6)(ρ(ω1)) =
∑
W (ω1)
λ6 +
∑
W (ω1)
T6,
6!φ(6)(ρ(ω2)) =
∑
W (ω2)
λ6 + 2(n− 1)
∑
W (ω1)
T6 + 4Ω(4, 2),
6!φ(6)(ρ(ω3)) =
∑
W (ω3)
λ6 + 4
(
n− 1
2
) ∑
W (ω1)
T6 + 8(n− 2)Ω(4, 2),
which implies that
φ(6)(ρ(ω3))− 2(n− 2)φ
(6)(ρ(ω2)) + 2(n− 1)(n− 2)φ
(6)(ρ(ω1)) =
∑
i<j<k
e2i e
2
je
2
k.
Lemma 2.5. (i) If G is Spin2n, then we have∑
W (ωn)
λn −
∑
W (ωn−1)
λn = n!e1 · · · en.
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(ii) If G is Spin2n, then for any 1 ≤ p ≤ n−1 and any nonnegative integers
m1, · · · , mp we have∑
W (ωn)
λ(m1) · · ·λ(mp) =
∑
W (ωn−1)
λ(m1) · · ·λ(mp).
Proof. (i) First, assume that n ≥ 4 is even. We show that∑
W+(ωn)
λn −
∑
W+(ωn−1)
λn = (n!/2)e1 · · · en.
As |W+(ωn)| = |W+(ωn−1)| = 2
n−2, we have
(n!/2n)2n−2e1 · · · en − (−(n!/2
n)2n−2e1 · · · en) = (n!/2)e1 · · · en
in
∑
W (ωn)
λn −
∑
W (ωn−1)
λn. If one of the exponents i1, · · · , in in e
i1
1 · · · e
in
n
(except the case i1 = · · · = in = 1) is odd, then from the orbits W+(ωn) and
W+(ωn−1) this monomial vanishes in each sum of
∑
W+(ωn)
λn−
∑
W+(ωn−1)
λn.
Otherwise, the terms 2n−2
∑n
j=1 e
n
j ,Λ(n, 2) · · · ,Λ(n, n/2) with m1 = · · · =
mn = 1 are in both
∑
W+(ωn)
λn and
∑
W+(ωn−1)
λn.
Now, we assume that n ≥ 4 is odd. As |W (ωn)| = |W (ωn−1)| = 2
n−1, we
have
(n!/2n)2n−1e1 · · · en − (−(n!/2
n)2n−1e1 · · · en) = n!e1 · · · en
in
∑
W (ωn)
λn −
∑
W (ωn−1)
λn. By the same argument, if one of the exponents
i1, · · · , in in e
i1
1 · · · e
in
n (except the case i1 = · · · = in = 1) is odd, then this
monomial vanishes in each sum of
∑
W (ωn)
λn −
∑
W (ωn−1)
λn. This completes
the proof of (i).
(ii) By Lemma 2.1(ii)(iii), it is enough to consider the case where both n and
p are even. For any p and any n ≥ p+2, we have 2n−2(
∑
W+(ω1)
λ(m1) · · ·λ(mp))
in both
∑
W+(ωn)
λ(m1) · · ·λ(mp) and
∑
W+(ωn−1)
λ(m1) · · ·λ(mp). By the ac-
tion of Weyl group, any term λi1(m1) · · ·λip(mp), where an element λ ∈ W (ω1)
appears odd times in either
∑
W+(ωn)
λ(m1) · · ·λ(mp)− 2
n−2(
∑
W+(ω1)
λ(m1)
· · ·λ(mp)) or
∑
W+(ωn−1)
λ(m1) · · ·λ(mp)−2
n−2(
∑
W+(ω1)
λ(m1) · · ·λ(mp)), van-
ishes. As each term of Λ(p, 2), · · · ,Λ(p, p/2) appears in both
∑
W+(ωn)
λ(m1) · · ·
λ(mp) and
∑
W+(ωn−1)
λ(m1) · · ·λ(mp), this completes the proof.

Theorem 2.6. If G is Spin2n+1 (respectively, Spin2n), then for any i ≥ 3
and any n ≥ [i/2] + 1 (respectively, n ≥ [i/2] + 2) the exponent τi divides the
Dynkin index τ2 = 2.
Proof. As B2 = C2 and D3 = A3, we have 1 = τ3 | 2 by [1, Theorem 5.4]. If G
is Spin2n for any n ≥ 4, then by Lemma 2.5(i)(ii) we have
q′n = φ
(n)(ρ(ωn))− φ
(n)(ρ(ωn−1)),
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which implies that the invariant q′n is in the ideal generated by the image of
φ(n). As there are no invariants of odd degree except q′n, we have
τ2i+1 | τ2i
for all i ≥ 1. Therefore, it suffices to show that τ2i | τ2 for any i ≥ 2.
By Lemma 2.3 together with the same argument as in Example 2.4 we have
(8) φ(2i)(ρ(ωi)) +
i−1∑
j=1
ajφ
(2i)(ρ(ωi−j)) =
∑
j1<···<ji
e2j1 · · · e
2
ji
,
where the integers a1, · · · , ai−1 satisfy
( i−2∑
j=k
2j+1
(
n− 1− k
j − k
)
aj+1
)
+ 2i
(
n− 1− k
i− 1− k
)
= 0,
for 0 ≤ k ≤ i − 2. Let pi be the right-hand side of (8). Then this equation
implies that pi is in the image of φ
(2i).
We show that the invariant q2i is in the ideal φ
(2i)(IWK ) for any i ≥ 2. We
proceed by induction on i. As q2 = φ
(2)(ρ(ω1)), the case i = 2 is obvious. By
Newton’s identities we have
(9) (−1)i−1q2i = ipi −
i−1∑
j=1
(−1)j−1pi−1−jq2j
with p0 = 1. By the induction hypothesis, the sum of (9) is in φ
(2i)(IWK ).
Hence, q2i is in φ
(2i)(IWK ). 
For any nonnegative integer n, we denote by v2(n) the 2-adic valuation of n.
For a smooth projective variety X over F , we denote by Γ∗K(X) the gamma
filtration on the Grothendieck ring K(X). We let cCH : S
∗(Λ) → CH(G/B)
be the characteristic map.
Corollary 2.7. Let G be Spin2n (respectively, Spin2n+1). If 2
m(i)(ker cCH)
(i) ⊆
(IWCH)
(i) for some nonnegative integer m(i), then for any i ≥ 3 and any
n ≥ [i/2]+2 (respectively, n ≥ [i/2]+1) the torsion of ΓiK(G/B)/Γi+1K(G/B)
is annihilated by 2g(i), where g(i) = 1 +m(i) + v2((i− 1)!).
Remark 2.8. It is shown that m(3) = 0 and m(4) = 1 in [1, Lemma 6.4].
Proof. The proof of [1, Theorem 6.5] still works with Theorem 2.6. 
Corollary 2.9. Let G be Spin2n (respectively, Spin2n+1). If 2
m(i)(ker cCH)
(i) ⊆
(IWCH)
(i) for some nonnegative integer m(i), then for any G-torsor E, any i ≥ 3
and any n ≥ [i/2] + 2 (respectively, n ≥ [i/2] + 1) the torsion of CHi(E/B) is
annihilated by 2t(i), where t(i) = 1 +
∑i
j=3 g(j) + v2((i− 1)!).
Proof. By [3, Theorem 2.2(2)], we have
ΓiK(G/B)/Γi+1K(G/B) ≃ ΓiK(E/B)/Γi+1K(E/B).
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As the torsion of CHi(E/B) is annihilated by
(i− 1)!
i∏
j=1
e(ΓiK(E/B)/Γi+1K(E/B)),
where e(ΓiK(E/B)/Γi+1K(E/B)) denotes the finite exponent of its torsion
subgroup (see [1, p.149]), the result follows from Corollary 2.7. 
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